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Preface

Oftentimes, equations are given to students on various equation sheets on physics
tests. Although knowing the equations is important, it is even more important to know
the derivations of the equations as it provides a deeper understanding of the physical
concepts behind the equations and builds physical intuition required to solve problems.
Using the mathematical flexibility gained through proving formulas, students will better
be able to apply their knowledge to solve more complex physics problems.

These notes attempt to derive as many formulae and concepts as possible that pertain
to high school physics, from AP courses to Physics Olympiads. Equations featured in
AP Physics 1 and 2 are derived without calculus (as much as possible), while calculus
is employed when necessary to derive more difficult expressions. Vectors are represented
using boldface (v) in this text, and, a star (¥ ) is used to mark the conclusion of each
concept/derivation.

The sections required for various tests are marked with the following colors:

e » AP Physics 1
e » AP Physics 2

e » AP Physics C

e » USAPLhO Exam
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CHAPTER 1

Mechanics

1.1 Kinematics

1.1.1  » »  » The Kinematics Equations

These five equations, known collectively as the "big five," describe all kinematic motion
with constant acceleration. Calculus is often employed to derive the equations, but an
algebraic derivation is provided here since these equations are required for AP Physics 1.

To derive the equations, we start with the following definitions:

A¢ = ¢y — ¢; for any quantity ¢

avg = O —; o for any quantity ¢
Ax
Yo = A
Av
o = A

Consider a particle moving kinematically (with constant acceleration). It’s position is
represented by x, its velocity v, and its acceleration a. Using the first and last of the four
definitions as well as the fact that acceleration is constant!, we have:

‘vf:vi—i—aAt‘. (1.1)

Using our second definition on our third definition yields:

Az = (”Z;Uf)m. (1.2)

Rearranging eq. 1.2 and plugging it back into 1.1 gives us:

At:Ax< 2 )
Vf + 4

2aAx
vp— v =
! ’ vf +v;
vjzf —v? = 2aAx (1.3)

Lie. Qavg = @
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Plugging 1.1 into 1.2 gives:

Az = %At (2v; + aAt)

Az = v;At + 2a(At)? (1.4)

Lastly, we can substitute v; from eq. 1.1 into eq. 1.4 to obtain:

Az = (vy — aAt)At + %Q(At)2

Az = v At — Sa(At)? (1.5)

Thus, we have the "Big Five" equations, describing all motion with constant acceleration:

vf =v; + aAt (1.6)

Az — (”*2”]”) At (1.7)
v]% —v? = 2aAx (1.8)
Az = v;At + La(At)? (1.9)
Az = vpAt — Sa(At)? (1.10)

*

1.1.2 » » » The Range Equation

The range equation provides us with a way to quickly calculate the range of a projectile
when launched at a certain angle # and a certain speed vy on a flat surface.

To derive this equation, we start by finding the total time of flight of the projectile. We
can use the first of the "Big Five" (1.6) to do this by considering vertical motion.

0 = vpsinf — gty (1.11)

Vo sin 0
g
where we have used the fact that the total time is twice the time the projectile takes
to reach its apex due to the symmetry of the motion. We can find the range by simply

multiplying the total time by the horizontal speed v cos since there is no horizontal
acceleration. Thus,

tiotal = 2tup =2 (112)

2vpsin 0
R = ﬂ.vocosa

| v}sin26 (1.13)
5 | .
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1.1.3 » The Projectile Trajectory Equation

All trajectories of objects in projectile motion are parabolas. Sometimes, it is useful
to know the equation of these trajectories, as they can give us valuable insight into the
maximum range of a projectile or the envelope of safety for a projectile (we will go over the
former of these examples since the uses of this equation are not as immediately apparent
as other equations derived here)?.

We start by considering a projectile launched with a speed of vy at an angle of 6 above
the horizontal at the origin and at t = 0. At a certain time ¢, the z coordinate of this
projectile is:

x =1vpcosh -t (1.14)

The y coordinate is:
y=upsinf -t — 1gt* (1.15)

Substituting ¢t from eq. 1.14 into eq. 1.15, we have

2
gsec“0 o
J— .a:‘

1.1
221% ( 6)

=tanf -z

The trick to use this equation is rewriting the sec?# as 1 + tan?# using a Pythagorean
identity. Making this substitution yields the following quadratic in tan 8:

9 2 2 2

tan? 0 — =0 tan g + 20Y 4 1 = (1.17)
2
gr gr

Where the expression has been divided through to remove any coefficient in front of
the tan? @ term. Since this is a quadratic equation, it can be maximized by setting the
discriminant of the quadratic formula to zero. Thus, we can find the maximum range
Rynqae of a projectile launched at any height H, by considering that a certain projectile
travels the maximum distance Rnq, when launched from a cliff of height H3.

vé _ 2v3H 1
gQR’IQTLal’ gR?nax
2 v (v3
Rmax = ; (g + 2H> (118)
The optimal angle 6,4, is simply
tan by, — 10 (1.19)
ngaa:

due to the fact that the discriminant is zero. If we set H = 0 in eq. 1.18 and 1.19, we get
Rinaz = v3/g and Opa. = 45° as predicted in eq. 1.13 %

2 Although not obvious, the use of this technique has been featured multiple times on physics competi-
tions and thus is important.
3Note that the projectile travels a distance —H in the vertical direciton.
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1.2 Dynamics

1.2.1 » » » Extension of F = ma

This rather short section concerns the full extended Newton’s second law. It adds another
layer of nuance that is important to note while considering Newtonian Mechanics.

The full, most rigorous representation of Newton’s second law is the following:

FNet,External = Macm . (120)

Where M is the total mass of the system and a,, is the acceleration of the center of mass
of the system. To derive this equation, we first start with a system of particles. If we look
at a single particle with mass m; in this system, writing out Newton’s second law gives

Ficot + Fiint = m;a; (1.21)

where F; o, and F; ;,; are the forces acting on the particle external and internal to the
system respectively. Summing over all particles gives

> Ficaot + Y Fiint =Y ma

FNet,E:ct = Macm- (122)

The first term summed over the system becomes the net external force. The second term is
equal to zero because of Newton’s third law. The right hand side of the equation becomes
Ma,,, due to the definition of the center of mass i.e. Ma.y, =), m;a;.

This equation states that the net force external to any system (rigid or non-rigid) equals
the total mass of the system multiplied by the acceleration of the center of mass of the
system. A lot of the time, it will be simply written as F' = ma, but it is important to
remember the full form of the equation v

1.2.2 »»  » F=dp/dt

This section concerns the definition of force as the rate of change of momentum. The
concept is described in three ways, and each section is marked with the appropriate color
to denote its nuance.

» First, let us consider the most famous representation of Newtons Second Law for a
closed system. Namely, that
F,e: = ma. (1.23)

Next, we consider the classical definition of linear momentum
p = mv. (1.24)

Next, let us consider the rate of change of the linear momentum p.

Ap Av



1.2 Dynamics 5

Thus, the force on an object equals the rate of change of its momentum.

»  Now, let us use calculus to expand on the previous derivation. Again, we take the
rate of change of the linear momentum of a particle.

dp d dm dv
— E = g(mv) = —V+—m (1.26)

Where the product rule has been used, because we are no longer assuming that the system
is closed (i.e. mass can enter and exit). We see that this adds a correction term to F = ma.
Hence, we see that F' must not always equal ma, which is in fact the case in some systems.

» Now, let us add yet another layer of nuance. We know from special relativity that the
force applied on an object is equal to

F = +%ma. (1.27)

We get this equation by using F' = dp/dt on the equation for relativistic momentum.
The significance of this equation is the fact that F' = ma is an approximation for small
velocities and is not a fundamental "law" J

1.2.3 » » » Centripetal Acceleration

When an object moves in a circle at a constant velocity, it experiences an inward accel-
eration due the direction of the velocity vector changing with time. In this section, we
derive this acceleration known as the centripetal acceleration.

First, consider a particle moving in a circle from a point A to a point B.

Fig. 1.1

Where the red vectors are the velocity vectors of the particle at points A and B. Connecting
the tails of these two vectors together, we can find the change in velocity and thus the
acceleration of this particle.
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Av

(%

R

(a) Figure a (b) Figure b

Fig. 1.2

For small angles , Fig.1.2b simply becomes a triangle*, giving us a pair of similar triangles.
Thus, we have

v R
— = 1.28
Av S ( )
Using S = vAt, we have
v R’
Av  vAt
A _ o
At R
2
v
c=— 1.29
a=" (1.29

Which is the magnitude of the centripetal acceleration of an object moving in a circle %

1.2.4 » Accelerated Reference Frames

An inertial reference frame is defined as one in which Newton’s laws hold. Thus, we can use
Newton’s laws to describe motion in all inertial reference frames. However, we sometimes
want to describe motion in non-inertial reference frames, such as an accelerating car or
a spinning merry-go-round. To describe motion in such frames, we need to make a small
modification to Newton’s description of motion using forces.

First, consider two particles A and B. A is in an inertial reference frame and B does not
move with respect to A. B is inside a box moving with acceleration a to the right.

A B a

L] L] —

Fig. 1.3

Taking the reference frame of particle A, B is not accelerating and only the box accelerates
at a. However, if we take the reference frame of the box instead of particle A, both B and
A accelerate to the left with acceleration a.

4See A.2.1 for a more rigorous proof
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Fig. 1.4

Thus, we see that in the reference frame of the box, B has a leftward acceleration of
magnitude a. By Newton’s second law, it must have a force applied on it with magnitude
a times its mass. The direction should be in the same direction as its acceleration, i.e.
to the left. Hence, in the non-inertial reference frame of the box, particle B experiences
a "force" opposite to the direction of the acceleration of the reference frame. This sort of
force which exists in non-inertial reference frames is called a fictitious force because it
doesn’t exist in some inertial frames. However, it is very much a real force in non-inertial
frames. For example, astronauts on the ISS are still well within the Earth’s gravitational
pull, but experience no net force (weightlessness) due to the fictitious centrifugal force
from their orbit balancing gravity out perfectly %

1.2.5 » Reduced Mass Approach

In this section, we consider a method to approach a two-body system by reducing it to a
singly body problem. Start by considering two bodies of masses m; and mg which interact
via some interaction force F. The accelerations of each body are

F
al = —
mi
F
ag = ———
ma

Where the signs are opposite because of Newton’s third law. If we transform into the
reference frame of mi, mo experiences a force of magnitude F' and accelerates at the
relative velocity of the two bodies a,.;. Where

F F
Ape] = — + —.
mi ma

1 1\!
F= ( + ) Grel
mq mo
= UG (1.30)
-1
_ (1 1 _
where p = (4 1) = e
if we transform into the reference frame of one of the bodies in a two-body system, the

mass of the other body effectively becomes the reduced mass, and its motion is defined
by Newton’s second law %

Rearranging gives

and is known as the reduced mass. In other words,

1.2.6 » Rubber bands

Sometimes, physics Olympiads feature problems with rubber bands, so it’s important to
know how to approach such problems. This section addresses a relation between the
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different forces in a rubber band, as well as the general method to approach rubber band
problems. First, consider a stretched rubber band with tension 7" being held in a stretched
position by a radially outward force F.. To approach any rubber band problem, consider a
small angle df that subtends a small arc and analyze the forces on it. In this case, cutting
a small arc and drawing forces on it (as well as a few guidelines) yields the following
diagram

Using similar triangles, the piece of rubber band experiences a force
2T sin (dj) ~ 2T? =Tde,

to the right. To the left, the band simply experiences a force dF,. Thus, since the band
is in equilibrium, we have

dF, =Tdo

1)

or simply

*
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1.3 Energy and Momentum

1.3.1 » » Conservative Forces

This short section shows that defining a conservative force as a derivative of a scalar
potential and a force which has a circulation of zero are equivalent.

The total work done on a particle going along a path p is
W:/F~dr (1.32)
p

One definition of a conservative force is that it is able to be written as a derivative® of a

scalar potential, i.e.

au
F=—-—— 1.
= (1.33)

Taking the dot product in the integral for work yields

W:/F.dx:/dex (1.34)
p p

Lastly, substituting our definition of a conservative force, we have

W—/—dde—/—dU (1.35)
p Az P

Taking this integral over a closed path gives zero, since the starting and ending points are
the same.

W = %—dU = 0. (1.36)

Eq. 1.35 the other definition of a conervative force, and thus the two definitions are
equivalent %

1.3.2 » » »  » Energy Balance & Conservation of energy

To derive the Work-Energy theorem, we start with the definition of work
W = FAx. (1.37)

We can substitute Az from the kinematics equation v]% — v? = 2aAz into this definition,
as well as F' = ma from Newton’s second law.

1
= §m(vJ2c —v?) (1.38)

5More rigorously, gradient
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2

Defining our kinetic energy, or energy due to motion, as K = %mv , we have

W =AK| (1.39)

This equation says that the total work done on a system is equal to the change in kinetic
energy of the system. However, we can further split each side of this equation into more
components. The total work done on a system is a sum of external work We., internal
non-conservative work W,,., and internal conservative work W.,.

Weat + We + Wye = AK (140)
Using the definition of potential energy (i.e. W, = —AU,), we have
Weat + Whe = AK + AU, (1.41)

Where U, is any sort of potential energy due to a conservative force (gravity, spring, etc.).
When Wepy = Wye = 0, AK + AU, = 0, which means that energy is conserved. Next,
internal non-conservative work in the system can be regarded as changes in the structure
of the system, which can be accounted for by changes in chemical or thermal energy. For
example, if we consider the system of a block sliding on the floor, the non-conservative
work done by friction is dissipated as heat. Thus, we have

Wezt = AK + AU + AUy, + AU chem (1.42)

» » From thermodynamics, we know that heat is another way to transfer energy, similar
to work. Thus, our energy balance equation is

‘ Qext + Wext =AK + AUC + AUth + AUchem . (143)

Where any internal heat has been accounted for as changes in the thermal energy of the
system

1.3.3 » » » Conservation of Momentum

Momentum for a system of particles is conserved when there are no external net forces
acting on the system. To derive this fact, we start by considering a system of two particles
that interact via some interaction force for a time At.

1
g

21

—
F12\2

Fig. 1.5
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In this diagram, F12 is the interaction force that 1 exerts on 2 while Fa7 is the force that
2 exerts on 1. Thus, we can calculate the impulse experienced by each particle.

Ap; = Fay1 At
Apz = F12At
Since F19 and F9; are a Newton’s 3rd law pair, we have
Fo1 = —F1o (1.44)
OR
Ap1 = —Aps. (1.45)
Thus, the total change in momentum of the system is
> Ap=Ap; + Apy =0. (1.46)

Note that we assumed that there were no external net forces to the system. If there were,
the total change in momentum of each particle would not be equal in magnitude and thus
momentum would not be conserved .

1.3.4 » » » Relative Velocity for Elastic Collisions

When solving for the velocities in an elastic collision, we use two conservation laws: con-
servation of momentum, and since its an elastic collision, conservation of kinetic energy.
These two conservation laws look like the following

m1vi; + maVve, = m1vif + mavaoy (1.47)
1 1 1 1
lev%i + §mgv§i = §mlv%f + §m2v§f (1.48)

Because of the kinetic energy conservation equation, this system often gives a quadratic,
which can often be cumbersome to solve. If we can find another equation that is linear, it
would make the process of solving for the velocities of the particles much easier. Luckily,
there is another equation that we can derive to use to make solving for the velocity easier.
To derive this equation, we first rearrange both of the above equations to factor out the
masses of the objects.

m1(vi; — vip) = ma(vay — va;)

my(vl; — vip) = ma(v3y — v3;)

Dividing the equations yields:

[Vii + vig = vai + vay | (1.49)

We can use this equation along with the conservation of momentum equation (1.46) to
quickly solve for velocities in an elastic collision %
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1.3.5 »  » Total Kinetic Energy of Any System

This section a derivation for a frequently used form of the total kinetic energy of a system
by separating the kinetic energy of the system into energy due to the center of mass and
energy due to relative motion. Note that the section title indicates that Physics C students
should review this concept, which I deem true because the topics here involve concepts
used in rotational kinetic energy and the parallel-axis theorem. However, one could very
well pass Physics C without the extra nuance provided by this proof®.

First, consider an arbitrary system (rigid or non-rigid) with total mass M in a coordinate
system with center of mass at r.,,. Further, consider the itM at the position r; and at a
position r;., relative to the center of mass.

Fig. 1.6

Notice that r; = rep, + iem, and thus v; = ve, + Vien,. The kinetic energy of this particle
is thus

mivi

1
2
1 2
= imz (ch + Vicm)
1
= 5mi(Vem + 2Vem * Viem + Vicm) (1.50)

Summing over all particles yields the following sum:

Ktotal = Z Kz =
)
1 2
; §mi1}cm

+ Z my; (ch : Vicm)

i
1 2
+ Z §mivicm
)

SF=ma and USAPhO students, though, should stay!
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The first term is simply equal to %M v2 because vy, is independent of the ith particle.
The second term is a bit more difficult to understand, though. Thus, prepare yourself!
The next part gets quite dense. Rearranging the second term in a very specific way yields:

d
Vem * % <Z mﬂ‘icm) (151)
i
To understand this new sum recall the definition of center of mass, namely that

Mrey = g m;Tr;
i

This equation says that the product of the object’s total mass M times the distance from
the origin to the center of mass of a system r,, is equal to the sum of the products of
the mass of each constituent particle m; and its distance to the origin r;. In eq. 1.50,
however, notice that the distance in the sum r;.,, is the distance of each particle from the
center of mass, implying that the origin is centered on the center of mass. That means
that the sum in eq. 1.50 is just equal to the total mass of the object M times the distance
from the center of mass to the center of mass, which is zero!

Hence, we have

1 1
Kiotar = §M’Ugm + Z §mivi20m
i

Where vjen, is the relative velocity of the i** particle to the center of mass %

1.3.6 » Total Kinetic Energy of a Two-Body System

In this section, we use the result from 1.3.5 to derive an expression for the total energy
of a two-body system. We specifically consider this system since it is the one under
consideration for all two-body collisions.

Start by considering two masses m; and ms moving at velocities v and va respectively.

Since we wish to find the sum ) %mwfam, we should find the velocity of each mass with

respect to the velocity of their center of mass. By definition, the center of mass velocity is

v — mivi + mava
cm T
mi + meo

The velocity of mj with respect to the center of mass vi¢n, is therefore

Viem = V1 — Vem

M1V + MaVy — M1Vy — MaVy

mi + ms
mao
=——(v1—V2)
mi + ms
ma
== Vel

mi + meo
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Where v,.o; = vi — v2 is the relative velocity of the two bodies. By symmetry, vae, equals

m1
mi + me re
Now, we can write the sum using these values
1 2 1 2 1 2
Z imivicm = imlvlcm + §m202cm
1 mim3 2 1 mims 2
2(m1+m)2 rel 2(m1+m)2 rel

2my +ma mi + ma
Lo
= iﬂ'vrel
Where p = % is the reduced mass of the system. Hence, the total kinetic energy of
a two-body system is equal to
Ly o L
Kiotar = §Mvcm + 5“”7’6[ (152)

This expression also provides an easy way to find the energy lost in a perfectly-inelastic
collision, since v, after the collision is zero. Thus, the total energy lost in such a collision

is %'uvzel *
1.3.7 » Obtaining Equations of Motion Using Energy

F = ma gives us an important relation between the force applied on an object and its
acceleration. If we can write out F' = ma for every object in a system, we can solve
for the total movement of the system, or its equations of motion. However, finding and
writing forces for every object can often be extremely tedious, which is the exact reason
why conserved quantities like energy and momentum are so important. In particular, we
can sometimes use energy to find the equation of motion of certain systems if a forces
approach is not straightforward.

Consider an arbitrary system that depends on a certain coordinate x. the total energy of
the system is

1
E = 5m:‘c2 + U(x) (1.53)

where m is the mass of the system and U(z) is the potential energy of the system. Since
energy is conserved, dFE/dt = 0, or

dE i Wi g
— =mii+ —1=0.
dt dx
Using the definition of potential energy, we have
au .
——&=mi
dx

F=ma
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What the above expression implies is that if we have a non-trivial system that only de-
pends on a single coordinate, we can write the total energy and take a time derivative
to find the equation of motion of the system. This process can oftentimes be a lot easier
that writing out forces, such as a system of water oscillating in a U-tube, or a complicated
spring oscillator.

In particular, if a system has a total energy of the form
1 1
E = -Az? 4+ ZBv?
5 T+ 9 v

where A and B are constants and x and v are the position and velocity respectively, the
particle oscillates with angular frequency w = \/A/B %
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1.4 Rotation

1.4.1 » »  » Angular Quantities Are the Same About Any Pivot

Consider a rigid body rotating freely with angular velocity w about an arbitrary point 1
on the body. Then, consider another point 2 a distance r away from the point of rotation.
By the definition of rigid body rotation, this point has a speed v = rw in the direction

shown in the diagram.
/\\ w

Fig. 1.7

Transforming into the reference frame of 2, we can find the angular velocity of the object
about this point. Since it’s a rigid body, the angular velocity of the body at 2 is equal the
speed of 1 in 2’s reference frame divided by 7. Since 1 and 2 move relative to each other,
this velocity is simply v. Hence,

wo =0/r

rw

Thus, the angular velocity about any point on a rigid body is the same. It also follows
that other angular quantities are the same, such as angular acceleration. This result is
important, since the angular acceleration of a rigid body can be found by taking the torque
about any fixed point, an important fact if some axes are easier to take torque around

1.4.2 » » = » Kinetic Energy of Rigid Bodies (Rotational KE)

» The following equation for rotational kinetic energy is required for AP Physics 1, but
the derivation is not required. However, nuance from the derivation could be useful.

1
Kot = 51& (1.54)

»  » To derive this formula, first consider an arbitrary rotating body (rigid or non-rigid)
rotating with speed w and translating with speed vy,.
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Fig. 1.8

To take the total kinetic energy of this body, we can use the formula derived in 1.3.5:
Ly o 1 2
Kiotal = §Mvcm + Z 5MiViem (1.55)

Remember that this equation is always valid, but it can be difficult to calculate the sum
in the second term for every system. So, the objective here is to simplify the sum for
certain systems, making it easier to calculate the total energy for these systems. In 1.3.6,
we derived the simplified expression for a system of two bodies, and here we derive a
simplified expression for rigid bodies.

To begin, we first transform into the reference frame of the center of mass, since we
need to find the velocity of the particles relative to the center of mass. Then, we can
consider an arbitrary mass element on the body moving at a velocity u relative to the
center of mass at a position r;., relative to the center of mass. We can split this u vector
into two components: one parallel to r;.; and one perpendicular to r;.,. Thus, we have
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where u = u| +u_. Since we are using polar coordinates centered at the center of mass,
we can represent these vectors as

dricm . ﬁ
dt mae

u=

Since we are considering a rigd body, drgﬁm = 0 by definition. Thus, writing our total
kinetic energy yields

1

Ktotal = 9

1
Mvzm + Z imirfcmWQ.

2

If we define the moment of inertia about the center of mass I, to be Y m;r;., ., we have

1 1
Kiotar = §M'Ugm + §IcmW2 . (156)

This equation states that we can write the total kinetic energy of a rigid body as the
kinetic energy due to motion of the center of mass plus the kinetic energy due to rotation
about the center of mass.

What if, however, we want to consider the kinetic energy of a rigid body rotating about
a fixed pivot? In that case, consider the same rigid body in Fig. 1.8, but this time fixed
about point 7. Thus, we will also accordingly set our coordinate system to be centered at
i.
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Vem = Tiem®W

Fig. 1.10

In this case, the center of mass has some velocity vy, relative to point i. Using the
definition of a rigid body and the definition of angular velocity, we have v¢, = Tiemw.
Next, since we are solving for rotation about a point separate from the center of mass, it
is appropriate to use the Parallel-Axis theorem. Namely, that

I; = Iy + Mr2,, (1.57)

Plugging I.,, into eq. 1.54 gives

1 1
Ktotal = *M’Uzm =+ 5&)2([1 — MT'Q )

2 icm

1 1 1
= 51% ’Uzm — 51% (Tz‘chJ)Q + 5]—7‘&)2
1

This expression gives the total kinetic energy of a rigid body rotating about a fixed pivot.
Notice that if we transform into the center of mass reference frame here, we essentially
have the same scenario as depicted in fig. 1.9.

To summarize, the total kinetic energy of a freely moving rigid body is comprised of two
parts: the kinetic energy due to translation of the center of mass %M v2,, and the kinetic
energy due rotation about the center of mass %Icmoﬂ. For a rigid body rotating about
a fixed pivot, the total kinetic energy is simply %Iin where I; is the moment of inertia

about the fixed pivot %

1.4.3 » » Parallel Axis Theorem

The Parallel Axis Theorem provides a way to find the moment of inertia of a rigid body
about an axis parallel to an axis that passes through the center of mass. First, consider
the following rigid body with moment of inertia I, about the center of mass. Further
consider that we wish to find the moment of inertia about the axis perpendicular to the
page and passing through point O.
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Fig. 1.11

By the definition of moment of inertia, the moment of inertia of the body around O is
Io =3 mir? . Writing r; as a sum of vectors, we have r; = ricm + rem. Plugging into our
definition yields

lo = Z miT?Cm + Z mi’rgm + 2rem - Z miTiem- (159)

The first term is simply equal to I.,, by definition. The second term is equal to Mr2
since ., is a constant. The third term equals zero due to the definition of center of
mass’. Thus, we have the parallel axis theorem, which states that the moment of inertia
of a rigid body along an axis parallel to an axis through the center of mass equals the
moment of inertia of the center of mass times Mr2,, where 7., is the distance between
the axes. That is,

Io = Iy + M712,, (1.60)

*

1.4.4 » » Common Moment of Inertias

There are some common moment of inertias that should be memorized to increase speed
while solving problems. However, it is also important to have the mathematical flexibility
to be able to derive these expressions, especially for Physics C and above. All of these
moment of inertias will be taken about an axis which passes through the center of mass®,
although one can find the moment of inertia about other axes with clever use of geometry
paired with parallel and perpendicular axis theorem. To derive all of these, we will use

the integral definition of moment of inertia, that is

I= /r2dm. (1.61)

Where the mass element dm is a distance 7 from the axis. To find dm, we consider a small
portion of the object, then use the condition of uniform mass to get dm in terms of an
integration variable. For more complicated shapes, we first find the moment of inertia of
a small slice and integrate over the entire object.

"See sec. 1.3.5 for a more thorough explanation
8Which is also the geometrical center since we will only consider uniform mass here.
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» Starting with the simplest object, a ring of mass M and radius R. Start by considering
a small section of the ring of length Rdf with mass dm a distance R from the center.
Using the condition of uniform mass density gives

dm B M
RdO  27R
dm = %d&
2

Plugging into the definition of moment of inertia and integrating yields
s
M
I= / R2

_ MR?
27

- (1.62)

Note that this formula has no dependency on the height of the ring.

<21

» Next is a disk of mass M and radius R. Consider a small ring of width dr and mass
dm a distance r from the center of the disk. Using the condition of uniform mass density
gives

dm M
omrdr  mwR?
2M

dm = ﬁrdr

Using eq. 1.60, the moment of inertia of this small ring is

_2M
dI = dmr® = oz ridr.

Integrating over the entire object gives

Rom o
I:/O ﬁrdr

oM R*

R2 4

1
= 5MR2 (1.63)

Notice that this formula has no dependency on the height of the disk.

» Next is a rod of mass M and length L centered at the origin. Consider a small section
of length dz and mass dm. Using the condition of uniform mass density gives

dm _ M

de L
M

dm = —dx

L



22

Mechanics
Using the definition of moment of inertia gives
M,
I = B T dz
2
M 1[L3 N L3
L 3\8 8
Lz (1.64)
12 '

» Next is a spherical shell of mass M and radius R. To find the moment of inertia of this

sphere, we can slice it into small rings at an angle of 6 from the vertical and with width
Rdf. These rings have mass dm and radius Rsin 6.

Fig. 1.12

Using the condition of uniform mass density gives

dm B M
27rRsin€ - Rd9  47R2

dm = %M sin 6d6

Using our result from eq. 1.60, the moment of inertia for this small ring is

dI = dm - (Rsinf)?

1
= §MR2 sin® 0
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Integrating yields

sin® 0do

~
Il

l\')\»i

c\

s1n0 1 — cos®6)do

|
l\')\»—l
o\:

T

1
= — [ cos@—i— cos® 0
2 0

= %MRZ (1.65)

» Lastly, let us consider a solid sphere of mass M and radius R. Let us further consider
small spherical shells of radius r and width dr. Using the condition of uniform mass
density gives

dm M

drr2dr %WR3

dm = Bﬁr dr
Using the result from eq. 1.63, the moment of inertia of each spherical shell dI is
2 M
dl = gdmr = 2ﬁr4dr
Lastly, integrating yields
By
I=2 73 /0 dr
2 2
= 5M R (1.66)
*
1.4.5 » Perpendicular Axis Theorem

The perpendicular axis theorem provides an easy way to find moment of inertias perpen-
dicular to two known axes, or for symmetrical shapes. Consider that we are trying to find
the moment of inertia along the z axis I, of an arbitrary object. This moment of inertia

is
I, = /ZQdm

where z is the distance of dm from the z axis. Using the Pythagorean Theorem, we have

I, = /y2 + z2dm

= (1.67)

Notice that [ y?dm equals I, and i z2dm equals I, because y is the distance of dm from
the z axis and vice versa %
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1.5 Gravitation

1.5.1 » » » Gravitational Potential Energy

» The following formula for the gravitational potential of a system of two bodies is required
for AP Physics 1, but the derivation is not required.

- Gmame (1.68)
T12

»  » To derive the above formula, we start with the fact that the gravitational force is
a conservative force i.e. it can be written as the derivative of some scalar potential®

aUu

F:—%

(1.69)

The negative sign might not make sense at first but it is actually added as convention to
give the equation more intuitive sense. The negative sign makes it so that conservative
forces act in an attempt to decrease potential energy, which is what we experience in
everyday life (if you walk up a hill, gravity tries to pull you down). Plugging Newton’s
Law of Gravitation into eq. 1.68 gives

AU Gmm,
dr 72
au = S g,

T

Now, to integrate, we must first define a point to zero potential, since the above expression
gives no real indication of where zero is (the reason for +C in indefinite integrals). By
convention, we set a point at infinity to zero, since it is common to all systems and is so
far removed from all points in the system such that it is (usually) unaffected. However,
one could theoretically choose any point they wish. Thus, integrating from infinity to the
distance between the two bodies R gives

/U<R> . /R Gm;mz
0 00 r

R
U = -S|
Gm1m2
= 2T 1.
D (1.70)

which is the general form for gravitational potential energy. Now consider a mass m
being raised a height h off the surface of a planet with radius Rg and mass M such that

9See 1.3.1
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h << Rg. Using the above equation, its change in gravitational potential energy is

AU =

_GMm B <_ GMm>
REg Reg+h

1 1
=GMm|——" — —
¢ m(RE+h RE)

Rrp — (Rg + h))
RE(RE + h)

:GMm<

_ h/R3,
= GMm (%) :

Since h << Rpg, the expression simply reduces to

M
AU — G 2m
R%

h
= mgh (1.71)

which is the approximation used for small displacements near the surface of a planet %

1.5.2 » Energy and Angular Momentum in Elliptical Orbits

In orbits, there are two important quantities that are conserved: energy and angular
momentum. Since both of these quantities depend on the position of the satellite, by
writing the quantities in terms of properties of the orbit, we can use their conservation
to solve for the shape of the orbit. Before we begin, it would be helpful to review the
properties of ellipses in A.2.2, because the following derivations will use them extensively.

To start, consider a satellite of mass m orbiting around a star of mass M in an elliptical
orbit. Let the distance of closest approach, known as the perihelion distance, be 7, and let
the distance of furthest approach, known as the aphelion distance, be r,. At perihelion,
the satellite has speed v, while at aphelion it has speed v,. By conservation of angular
momentum,

MTqVq = MTpUp

vp = ;—ava (1.72)
P

Next, we can write conservation of energy for this satellite at perihelion and aphelion.
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Rearranging, plugging v, from eq. 1.70, and reducing with difference of squares yields

1
() =20 (1)
Tp Tq
s 1T GM
= =— 1.73
R (1.73)

Now, we can find the angular momentum of the satellite, which is constant throughout
the entire orbit. Plugging into the definition of angular momentum yields

L =mr,u,

|GM
= My\/TaqTp 0
= |mby/ GTM (1.74)

Next, we can find the total energy of the system. At aphelion, the total energy is

1 GMm
E= imvg -

Substituting v, from eq. 1.71 gives

1 GM
E = —mv? — mn
2 Ta
o ()
2rq,a  1q
=GMm "p _ _TatTp
2rq(rq +1p)  Ta(ra +1p)

:GMm< -1 )
Ta +Tp

GMm
= (1.75)

Using these forms of energy and angular momentum can help greatly in solving for the
shape of orbits %

1.5.3 »  » Kepler’s Second Law

Kepler’s second law states that the area swept out by a satellite for any duration of time
in its orbit is constant. Before I provide a derivation for it, it is important to note that all
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of Kepler’s laws were discovered empirically by Johannes Kepler about ninety years before
Newton published his law of universal gravitation. Thus, the following is more of a way
to mathematically show that Kepler was correct in his laws, as opposed to a derivation
which Kepler himself followed.

To start, consider a small amount of time At in which the satellite sweeps out an area
AA (shown in grey) at a distance r from the star.

Z}At

Fig. 1.13

If At is small enough, AA becomes a triangle!® with base vAt and height . Thus, its
area is

AA = %UTAt

Rearranging and using the fact that L = mrv gives

AA L
=l 1.
At 2m (1.76)

which is a constant rate since L is a conserved quantity v

1.5.4 » » Kepler’s Third Law

Kepler’s third law relates the period of a satellite’s orbit to the semimajor axis of the
orbit. To derive it, recall the statement of Kepler’s second law, namely that the rate of
change of area swept out in an orbit is constant with respect to time. Thus,

dA A
—_— == 1.
d T (1.77)

where A is the total area of the orbit and T is the period of the orbit. Plugging in the
result from eq. 1.74 as well as the area of an ellipse gives

L wab

2m T

10Gee A.2.1
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Lastly, plugging in out result from eq. 1.72 for L gives

2mmab
T =
L
2mmab

GM
a

mb

2 3/2
= (1.78)
VGM

*

1.5.5 » » Shell Theorem

Newton’s law of universal gravitation provides an easy way to calculate the gravitational
force between two point-like particles, but not for continuous bodies. Newton’s Shell The-
orem provides a way to calculate the gravitational field emanating from a spherical shell or
solid sphere by integrating over small point-like masses, solving the issue of not knowing
the gravitational field instated by continuous bodies.

To derive the Shell Theorem, consider a point at a distance D from a spherical shell
of mass M and radius R. Furthermore, consider a slice of the shell as described by the
following diagram
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Fig. 1.14

At point P, the gravitational field due to the slice dg is given by
d
dg = GT—T cos ¢ (1.79)

where dm is the mass of the slice and only the horizontal component is taken since the

vertical components from each point on the slice cancel out. The mass of the slice is given
by

dm = o027 R sin 0 RdO

where o = # is the surface mass density of the shell. Plugging values into eq. 1.76 and
rearranging yields

~ GM sin6do
2 r2

dg cos . (1.80)
To simplify eq. 1.77, we can write two laws of cosines:
r?2 = R?> + D?> — 2RD cos 6
R? =124+ D?—-2rDcos¢
Differentiating the first one yields the relation
rdr = RD sin 0df

Substituting all values into eq. 1.77 to write things in terms of r results in the expression

GM  r*+D? - R?

9= 1rp? 2 dr
GM D? — R?
e AL 1.81
4RD2< T ) ' (1.81)

Since r changes from D — R to D + R as it moves across the sphere, we integrate over
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those bounds

GM D+R D2 _ R2

I=4mp? [, , T W
GM [ D2—R2]D+R
= - \r - ——
2
ARD r s
GM
GM GM

This result states that we can simply treat the spherical shell as a point mass located
at the center of the sphere for points outside of the sphere. What if we were inside the
sphere, though? Consider the following diagram, which is identical to Fig. 1.13 except
point P is inside the shell.

Fig. 1.15

In this case, the expression for the gravitational field at P is the same as the previous
case, except the bounds of integration now go from R — D to R+ D. Calculating the
gravitational field at P using these new bounds gives us

R+D

GM [ RQDQ]
g T

~ ARD?

" R-D

GM

= % 0] =[0]. (1.83)
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This result that there is no gravitational field inside of a spherical shell can be surprising
at first, but one can intuitively make sense of it by drawing a vertical line through P,
and considering that although more mass lies to the left side of the line, it is on average

farther away from P and vice versa'l.

Similar to the technique used in 1.4.3, we can now extend the result from eq. 1.79 to
a solid sphere. For a point at a distance D from the center of a uniform solid sphere with
radius R and mass M, the gravitational field due to a thin shell of the sphere is

G 3GM
dg = D—'gélm“?dr = 2 r2dr.
Where p = % is the volume mass density of the sphere. Integrating over the entire
sphere yields
GM
9=z | (1.84)

which makes sense, since each shell of the sphere can be treated as a mass located at the
center of the sphere.

To summarize, the gravitational field inside a spherical shell is zero, the gravitational
field outside of solid spheres and spherical shells can be calculated by treating the sphere
as a mass located at the center of the sphere %

HDon’t take this explanation too literally, it is just a way to make sense of the result!
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1.6 Oscillations

1.6.1 »  » Simple Harmonic Motion

Consider a particle moving along the x axis located at a position x(t). By definition,
simple harmonic motion is any motion in which the position of the particle is constrained
by the following differential equation:

i =—w’z (1.85)

where w is an arbitrary constant. Typically, we write this equation as depicted above,
but the constant could really be written anyway one wants. With this definition, we can
solve the differential equation to find how the particle moves over time. Before we do that,
though, let’s classify this equation. We call this kind of differential equation a homoge-
neous second order linear ordinary differential equation. Here’s what all of those
words mean: Homogeneous meaning that all terms have z(¢) in them or a derivative of
z(t). Second Order meaning that the highest derivative is a second derivative. Linear
meaning that the equation is linear in z(t) and its derivatives. Ordinary Differential
Equation (ODE) meaning that there are no partial derivatives. One of the most pow-
erful techniques to solve homogeneous linear differential equations is to guess a solution
then plug it into the equation and solve for constants. In this case, we start by guessing
that the solution to the equation takes the form of

z(t) = Ae™

where A and « are arbitrary constants. We choose to guess this exponential solution since
the derivative of €* is also e*, so terms often cancel. Plugging this guess into eq. 1.77
yields

a?Ae™ = —w? Ae™
o = Fiw

Notice that we have two values for «, meaning that we will have two solutions to the
differential equation. For linear differential equations, the most general solution to a
differential equation is the sum of these solutions'?. Thus, we have

z(t) = Ae™t + Be ™t (1.86)
with A and B both being constants. Using Euler’s identity, we have

x(t) = Acoswt + iAsinwt + B coswt — iB sin wt

:‘C’coswtthsinwt‘ (1.87)

= \ E cos(wt + ¢) \ (1.88)

The two boxed solutions to the differential equation are most commonly used, since they
represent sinusoidal motion. Let us analyze each of them. In the first one (eq. 1.79),

121 won’t prove this property of linear differential equations here, so you can just take this as a fact.
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setting time to t = 0 gives z(0) = C, meaning that the constant C' represents the initial
position of the particle. If we take a derivative of the equation, then set ¢ = 0, we have
#(0) = wD, meaning that the constant D is related to the initial velocity of the particle.
Thus, if we know the initial position and velocity of the particle, we should use 1.79 to
represent the motion of the particle.

Looking at eq. 1.80, we see that the maximum value of the function is . We call this
value the amplitude of the motion'3. Setting t = 0 in eq. 1.80 gives z(0) = E cos ¢,
meaning that ¢ has some relation to the starting position of the particle. We call this
value the phase of the motion. Thus, we should use this form when we want to solve for
the general properties of an oscillation'® %

1.6.2 » »  » Period of a Spring Oscillator

The simplest example of simple harmonic motion is a block attached on a spring left to
oscillate. If we consider a mass m attached to a spring of spring constant k, writing
Hooke’s Law with Newton’s Second Law gives

ma = —kx
k
= —— 1.
a — (1.89)

We know that if we have an equation in the form of eq. 1.89, the angular frequency of the
oscillation is the square root of the coefficient in front of z (see sec. 1.6.1). Thus,

T 277\/? (1.90)

Note the process taken to reach the result. We found an equation of motion that resembled
that of simple harmonic motion. Then, we used the result of the solution to the equation
of motion to find the frequency of the oscillation. This technique is extremely important
when solving for the frequency of any simple harmonic oscillator

1.6.3 » »  » Period of a simple Pendulum

A pendulum is a good example of simple harmonic motion, and the periodic motion of its
swinging has been used to keep time for centuries. To find the period of its oscillation,
first consider a pendulum of length [ with a mass m on the end. Furthermore, consider
the pendulum at a small angle 6 with respect to the vertical.

13 As a side note, E = 1/C? + D2, which you should try to verify using addition of sinusoids and energy
MNotice how we assigned physical meaning to the constants C, D, E, and ¢, but not to A and B. Why?
Because A and B could be complex numbers and have no physical meaning
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Fig. 1.16

Writing 7 = I« for this system about the pivot point gives
Ia =mglsin6

a= ) sin 6
a= %sin@ (1.91)
For small angles, sin@ ~ '°. So, we can write
g
= =0.
‘T
By the definition of SHM, we have
)
YTV
[
T =2m|— (1.92)
g

*

1.6.4 » Damped Oscillations

In section 1.6.1, we looked at an idealistic version of a simple harmonic oscillator. In real
life, though, oscillators will have some kind of resistive force acting on them. Consider
a spring oscillator with mass m, spring constant k, and in a medium that provides a
velocity-dependent resistive force of magnitude Fy = bv. Writing Newton’s Second law
for this system gives

mi = —bt — kx
mi+bt+kxr=0

Just like with the simple harmonic oscillator, this is a homogeneous second order
linear ordinary differential equation. Thus, we employ the same method to solve it.
Guessing a solution in the form of z(t) = Ae™ and plugging in gives

ma? +ba+k=0 (1.93)

15Gee A.2.3



1.6 Oscillations 35

using the quadratic formula, we have

b b2 — dmk

= ——+
@ 2m 2m
__ bk
- 2m dm2 m
1 1
= + == wi. (1.94)

Where wg = \/%, and 7 = QTm. Now, we can identify a few cases for the relative sizes of

7 and wy.

Case 1: %—w%>0
In this case, the solution to the differential equation is

1 2. A 2.
z(t) = Ael™ (e\/ RGN s i t) (1.95)

This case is known as overdamping, and it indicates that the oscillator goes back to the
equilibrium position before completing one full oscillation.

Case 2: T%—w%:()
In this case, the solution is simply

x(t) = Ae /T (1.96)

Again, the oscillator returns to the equilibrium position before completing a full oscillation,
but this time it reaches equilibrium in the fastest time possible. Thus, this case is known
as critical damping.

Case 3: %—w%<0
In this case, we get an imaginary number in the exponent, so we can use Euler’s identity
to simplify, similar to the case for SHM. Thus, the solution to the differential equation is

z(t) = Ae V7 cos(w't + ¢) (1.97)

where W' = /w3 — %2 and ¢ is a constant. This case is known as underdamping, and

the oscillator completes full oscillations, with its amplitude decaying to zero at infinity.
Note that the frequency of the oscillation in this case doesn’t actually change, and only
the amplitude does. This is because the resistive force decreases the total energy of the
system, which is dependent on the amplitude of the motion, and not the frequency.

1.6.5 » Quality Factor

The quality factor or Q-Factor of a damped oscillator is a way of measuring how damped
the oscillator is. A higher Q factor correlates with a higher quality oscillator (i.e. it isn’t
damped much) and vice versa. Mathematically, it is defined as follows:

E(t)

Q:2me

(1.98)
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where E(t) is the total energy of the system as a function of time and T is the period of
oscillation. Consider a certain time when the oscillator comes to a stop. Further consider
that the oscillator is at a position A at this time. The total energy of the system at this
given moment is just the spring energy, or %kA? After one full oscillation takes place and
the mass once again comes to rest, the position of the mass is Ae~7/7 and the energy is
%kAQe_QT/T. The energy lost in this cycle is %l{:A2 (1 — e_QT/T>. Thus, the Q-Factor is

Q=2m %kAQ
TRAZ (1 — e—21/7)
B 2T
T = e—2T/7

If we consider the case of minimal damping, T" <« 7, we can use a first order Taylor
approximation to simplify the exponential. Using e™® ~ 1 — x, we have

2
RN

T

= (1.99)

*

1.6.6 » Driven Oscillations

In damped oscillators, the oscillation eventually dies out, meaning that an external force
needs to be supplied to keep the system moving. This force should act with the movement
of the object, so that it always is doing positive work on the object. For underdamped
oscillators (the only case we will consider, since the other two damping cases don’t oscil-
late), the frequency of this force should thus be the same as the frequency of the damped
oscillator, and it should act in phase with the oscillator. Thus, the force must be in the
form of

Friving = Focos(wt) (1.100)

where w is the natural or resonant frequency of the damped oscillator'®, and Fj is a
constant. Adding this driving force to the equation of motion for a damped oscillator
yields the following differential equation:

mi + bt + kx = Fycos(wt) (1.101)

This equation is an inhomogeneous second order linear ODE. To solve an inhomoge-
nous ODE, we first find a particular solution to the equation (a couple methods to find
one for this particular equation are listed below). Then, we add that particular solution

16WWe labeled this quantity as w’ in 1.6.4
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to the solution of the homogeneous ODE!". This makes sense, since plugging the solution
of the homogeneous equation into the ODE already gives zero, so linearly adding it to
another term won’t affect anything.

Method 1
Let the particular solution be the function P(t). Plugging this function into eq. 1.91 gives

mP(t) + bP(t) + kP(t) = Fy cos wt (1.102)

We see that the addition of a combination of different order derivatives of P(t) yields a
cosine function. Logically, then, P(¢) should be a sine or a cosine function, since they’re
each other’s derivatives, and any sin or cosine function can be represented as a sum of
other sine and cosine functions. Thus, we can confidently guess that the particular solution
is of the form

P(t) = Acos(wt + ¢)

Where A and ¢ are constants we will solve for later.

Method 2
Let the particular solution be the function P(¢). Using the reasoning discussed above, the
most general solution to the differential equation will look like

z(t) = Age Y7 cos(w't + ¢o) + P(t).
As time passes, the first term will decay to zero, leaving just the second term:
2(t)]t—00 = P(t)

Now, we examine the purpose of the driving force in the first place. We added this force
for the sole purpose of keeping the oscillator oscillating after a long time. Thus, we should
expect that with this driving force, the oscillator continues to oscillate as time goes to
infinity. Hence, the particular solution must just be the equation of motion of a simple
harmonic oscillator i.e.

P(t) = Acos(wt + ¢)
where A and ¢ are constants we will solve for later.
Now, we solve for A and ¢. Plugging our particular solution into the differential yields
—mw?A cos(wt + ¢) — bwAsin(wt + @) + kA cos(wt + ¢) = Fp cos wt.

Expanding using additive trig identities yields the following massive equation that doesn’t
fit in a single line

—mw? A(cos wt cos ¢ — sin wt sin ¢) — bw A(sin wt cos ¢ + cos wt sin ¢)
+kA(coswt cos ¢ — sin wt sin ¢) = F cos wt.
Factoring out the sin wt and cos wt terms yields
(kA — mw?A) cos ¢ — bwAsin ¢) cos wt

+((=kA + mw?A) sin ¢ — bwA cos ¢) sinwt = Fy cos wt.

17j.e. setting the right hand side of eq. 1.91 to be zero.
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Since we know that the coefficients of the coswt terms add up to Fjy and the coefficients
of the sin wt terms add up to 0, we have the following system of equations

(kA — mw?A) cos ¢ — bwAsin g = Fy (1.103)
(—kA 4+ mw?A)sin g — bwAcosp =0 (1.104)

The full steps to solve this system will not be included here, since they are very messy.
However, an overview will be given and the reader is encouraged to follow the general
steps to solve the system. Solving for ¢ is easiest, and is simply done by rearranging the

second equation to yield

bw

tan ¢ = (1.105)

k —mw?’
Finding A requires rearranging the first equation and cleverly using the pythagorean
identity tan® 6 + 1 = sec? # to write everything in terms of tan ¢. Then, plugging in tan ¢
and reducing yields the result

(1.106)
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1.7 Fluids

1.7.1 »  » Hydrostatic Pressure

For ideal fluids, there is a direct correlation between pressure and depth within the fluid.
To see this relation, consider a container of fluid with density p in hydrostatic equilibrium
in an environment with ambient pressure Py. Since no parts of the fluid are moving (at
a macroscopic scale), all parts of the fluid must be in mechanical equilibrium. From this
container, consider the cylinder of fluid with cross-sectional area A and height h outlined
in the figure.

re -

Fig. 1.17

There are three forces acting on this cylinder: an upward force from the hydrostatic
pressure at depth h, a downward force from the ambient pressure in the environment, a
downward force due to the weight of the fluid. Since the net force on the cylinder is zero,
we have the following relation:

P(h)A = PyA +myg.

Where P(h) is the pressure of the fluid at depth h. Rewriting the mass of the cylinder
using the density of the fluid yields

P(h)A = PyA+ pAh - g

| P(h) = Py + pgh (1.107)

Notice that this equation puts no constraint on the value or direction of g. So, if a fluid
is placed in an accelerated reference frame where the g vector is no longer parallel, the
pressure gradient will be anti-parallel to the direction of the g vector, and not necessarily
verticall®. ¥

1.7.2 »  » Buoyant Force

Pressure increases with depth. Thus, if an object is submerged in a fluid, the bottom of
the object experiences a greater pressure than the top, resulting in the force known as
the buoyant force. Consider an object with mass m, height h, and cross-sectional area A

8 An argument can be made here that "vertical" is defined as the direction opposite to the g vector, but
at the end of the day its quite semantical. Here we just consider a reference frame external to the fluid,
where "vertical" isn’t parallel to the effective gravity in the fluid.
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submerged in a fluid of density /rho, and oriented such that the cross section is parallel
to the surface of fluid. Further consider that the top of the object is a distance d from the
surface of the fluid. Writing the force acting on the top and bottom of the object gives
Ftop = APtop = APy + Apgd
Fyottom = APbottom = APO + Apg(d + h)
Taking the difference of these forces gives

Fretpressure = APy + Apg(d + h) — APy + Apgd = pgAh

Note that Ah is just the volume of the object, and thus

‘ Fbuoyant = ng ‘ (1108)

Where V is the volume of the object. Notice therefore, that the buoyant force is equal to
the weight of the water that is displaced by an object. If we further define p,, to be the
density of the fluid and p; to be the density of the object, the net force on the object is

Fret = (pw — pp)gV.

If the density of the object is greater than the fluid, it sinks and vice versa. If the density
of the object and the fluid are equal, the object is suspended and doesn’t accelerate. This
effect is the reason why astronauts train on earth in large pools, where they specifically
tune the average density of themselves to be equal to the water in the pool. This way,
they can simulate the zero-g environment of outer space on earth.

» Notice that the above proof only accounts for objects that are an extrusion of a flat
object (i.e. prisms), and a more general derivation requires more advanced calculus. To

begin, first consider the following form of the net hydrostatic force exerted on an object
submerged in a fluid

ZF—# P dA. (1.109)
dVv

This expression means sense, because it is essentially the sum of all hydrostatic force
across the surface of the obect. Rewriting using the divergence theorem yields

ZF://VV-PdV (1.110)

If we use the expression we found for pressure in 1.7.1, that is P = Py + pgzl%, we can

rewrite eq. 1.102 as
ZF:///png
=pgV | (1.111)
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1.7.3 »  » Continuity Equation

The continuity equation represents the application of conservation of mass to fluids. Con-
sider fluid flowing ideally through a section of a pipe with cross-section A; on the left side
and As on the right. The fluid flows at a speed vy on the side with area A; and vice versa.
In a certain time At, a certain volume of fluid V; enters the tube on the left and a certain
volume V5 exits the tube on the right. The volume of water entering the tube is given by

V1 = Al’UlAt
and the volume of water exiting the tube is given by
Vo = Asua At.

Since the fluid is incompressible and mass is conserved, the amount of fluid flowing in
must be equal to the volume of water flowing out. Thus,

Ajv At

(1112

The above equation is known as the continuity equation, and is the manifestation of con-
servation of mass in the flow of ideal fluids.

» For a more general equation of continuity that extends beyond fluid flow in a pipe,
consider an arbitrary volume element with volume V' and boundary dV. The net flux of
fluid into the volume element is given by

(Pnet = # u-dA
dv

where ®,,; is the net volume flow rate of fluid, u is the velocity field of the fluid, and
dA is an area element on the surface dV. Since the fluid is incompressible and mass isn’t
created or destroyed, the net flux through the volume must be zero.

# u-dA =0 (1.113)
A%

Using the divergence theorem, we can alternatively write eq. 1.104 as

[V-u=0] (1.114)

*

1.7.4 »  » Bernoulli’s Equation

Bernoulli’s equation is essentially just conservation of energy applied to a moving fluid. It
gives an easy way to calculate properties of an ideal fluid at certain positions. To derive
it, first consider the following diagram of an ideal fluid of density p in a tube.



42 Mechanics

Fig. 1.18

Consider that the tube has cross-sectional area A; on the left end and cross-sectional area
Ay on the right. Further consider that the fluid has speed vy on the left end and vy on
the right end. Imagine that fluid fills only the red and blue sections to begin. After some
time, the fluid is pushed by the pressure differential created by P; and P, and the fluid
advances to the blue and green sections. If we write the total energy of the fluid in its
initial state, we have

1
E; = va% +mgy1 + Ep

where Ej, is the total energy of the fluid in the blue section, and m is the mass of the fluid
in the red section. After the fluid flows to the blue and green sections, the total energy of
the fluid is

1
E; = §mv§ + mgys + Ep.

Note that the mass of the fluid in the green section is equal to the mass of the fluid in the
red section since the fluid is incompressible and mass is conserved. By the work-energy
theorem, any changes in energy occur due to work done by net external forces. In this
case, the work is done by the pressures P, and P». The total work done by these pressures
is

Whet = PrA171 — PyAsxs.

Since we know that the mass of the fluid in the red green sections are equal, and the fluid
has a constant density, A1x1 = Asxo = %, which means that

m
Wpet = (P1 — Pa)—.
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From work energy theorem, we have

Wnet = Ef - E;
m 1 1
(Pr = Py)— = Smus +mgys — ;mui — mgy
L oy Loy
P+ 3PVt P9y = Py + 3PV + pgy (1.115)
We can also write the above equation as
1
P+ SPv2 + pgy = const (1.116)

which is Bernoulli’s equation. Notice that if the height of the fluid doesn’t change, pressure
has an inverse relation to the kinetic energy. This inverse relation means that faster-moving
fluid within a constant-energy stream has lower pressure than slower-moving fluid. This
effect, known as the Bernoulli effect, is responsible for the lift force generated in sailboats
and airplanes %
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Appendix

A.1 Useful Math References

A.1.1 Trigonometric Identities

sinx +cos’x =1
1+ tan? z = sec’ x

1 —|—Cot2w =csc’x

sin(2x) = 2sinx cosx
cos(2x) = cos? z — sin? z

2tanx
tan(2x) = Tt

1—
sin & = 4/ 8%
2 2
T 1+ cosx
cos — = £/ ———
2 2

1 —cosx
tan - = ————
2 sinx

sin x
1+ cosx

sin(x + y) = sinx cosy + coswsiny

cos(x 4+ y) = cosz cosy — sinzsiny

sinz + siny = 2sin (a:—;—y) cos (x;y)

cosx + cosy = 2cos <$2+y> cos (ac;y)

Al
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A.1.2 Taylor Series

B 3. 45 L7
s1nx—x—3'—|—a ?—i—

- x?2 2t af
cosT = 0 E—ﬁ—i-

R

xr __ _ - J—

e _1+x+2!+3!+4!+...

1 2 3

=l4+z+a*+2°+.. . {-l<zx <1}
1+

A.2 Helpful Proofs

A.2.1 Arc length and a Straight Line

Consider an arc subtended by a very small angle df in a circle of radius R.

R

R

Fig. A.1

The distance S equals R while the distance L equals 2R sin(df/2). Taking the difference
of these two lengths gives

S —L=R0—2Rsin (d;)

:Rd9—2R<—+

g do®  de®
2 48 3840 T

_dp?

~ 5 (A1)

which is third-order small and thus will always be smaller than df, which is already
essentially zero. Since the two segments only differ to the third order in df, we consider
them to be equal for small angles %
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A.2.2 Properties of Ellipses

There is some important ellipse notation that should be understood before approaching
elliptical orbits. Let us start with a diagram of an ellipse (note that it’s not to scale):

Tp Ta
Fig. A.2

The distance a is the semi-major axis of the ellipse while the distance b is the semi-minor
axis. The distance c¢ is a representation of the eccentricity of the ellipse, i.e ¢ = ea. If
we place the star at the leftmost focus, r, represents the perihelion distance while r,
represents the aphelion distance. From just these definitions, we can write

2a =1, +1p (A.2)
2e=1,—1p (A.3)

Next, by the definition of an ellipse, the distance from the top of the ellipse to each foci

must be a. So, we can write
b+ ? =ad? (A.4)

Multiplying eq. A.4 through by 4 and substituting using A.2 and A.3 gives
46% 4 12 — 2r,r) + rf, =72 4 a1y + 7“12)
b= \/TaTp (A.5)
*

A.2.3 Small Angle Approximations

For small angles, we often make a few approximations for trigonometric functions. sin(6)
is approximated to 6, since writing out a taylor expansion yields

0> o
0 — 31 + 5
Ignoring higher-order terms just yields sin 6 ~ 6. Doing the same for cosine yields
62 ot

. . . ~ 62
Ignoring high-order terms gives cosf ~ 1 — 5 %
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